








Week 10

Wednesday pg S



last
time card splittings
y = H

, Up He Hi, Hz handlebodies

4 : &H
,
- al

orient , reversing homeo.

Alternative Proof that every 3 mfd admits a Heegaard splitting.

let f : Y--R be a self-indexing Morse function

i
.
e

. f(c)= index(c) for each critical point

Then H= " ((-0 , 3) = index 01 critpts
3-dim Ihandles

Hz = fi([ ,a) =-dually a b-handle and 2-handle

2 = F
+ (3)

A Heegaard splitting of a 3-mfd Y consists of a surface [

of genus g
that bounds a handlebody on both sides

Let It be a handlebody of genus-g.
A set of

attacking curves for H is a set EU .. ..., Ug3 of

simple closed curves in GH s
.

t.

1
.

curves are pairwise disjoint

2 . 5- 5X , .... jg] connected



3
.

each Ji
bounds a disk in H

Example: solidtorus

E

Example:

boundaries of the co-cores of the

1-handles

Attaching curves tell you how to fillite surfac

(give in thickened disks along the

attaching curves
,

can see 52

in 2 and I way to glve in ball)

A Heegaard diagram compatible with a Heegaard splitting
Y = H , UpHz is Hh2 ,

<
,B) where

I . I closed oriented surface of genusg
2. X = Ex, .... <g] attacking curves for H,

3. B
= (B) ..., Bg] attacking curves for the



Example
a always red

T B always blue

Lens spaceF Hi)3 -mfd) =/27

so this is IP3

Exercise : Describe how to compute Hi(Y) from a Heegaard
-

diagram for

Li .e . find a presentation Matrix for H . (4) from 16)

RIRP3



Given a Heegaard diagram (I , a
, B) ,

we can build

a3-mfd as follows :

1
. Thicken I to IXI

2. Along Ex50] attach thickened disks to &x503

3. Along [xEI) attach thickened disks to BX513

Exercise: The boundary of the resulting
3mfd

-

isS2 AS:

4 . Fill in each boundary component with B3

(there is a unique way to do this since any orient.

preserving homeo S-S2 is isotopic to id .)

Example:

-

(
T G ⑮

t
c circles give co-cores of I-handles.

B attaching circles for 2-handles

A Meegaard diagram gives a handlebody decomp in this way.

Goal Heegaard diagram to define a 3-mfd invarianto



Q : When do two Heegaard diagrams describe the same
-

3-manifold ?

Theorem :

Two Heegaard diagrams describe the same 3-mfd

#

they are relatedby a finite sequence of the

following moves :

1 . isotopy

2 . handleslides

Example:

B .. Br, Bi

⑳ cobound a pair

of paints

doesn't change the handlebody that the B's are describing.

C Can handleslide pi
over p ; and di over aj

Doesn't change Heegaard splitting for this reason

sliding a over an



3. stabilization/destabilization
connect sum with (Th2 , B) where a

andB are s
.
C

. C. intersecting transversely
in a single point

·

For technical reasons
,

we will need a basepoint we

Isotopies cannot cross W
:

Handleslides cannot cross w

↳ w cannot be in the pair of pants robounded by
8 : 82 ,7 , 2

= d or

Doubly Pointed Heegaard diagrams :

Defn : A doubly pointed Heegaard diagram for knot KcY

is 7% = /Z ,
x

, B ,
w

, z) where

1
. (2 ,

2
, B) Heegaard-diagram for Y

2 .
K is the union of two arcs a and b where

a is an arc in I-a connecting w to z pushed

slightly into it,

and B is an are in I-B connecting z to



w pushed olightly into H2

Example:

D· w

·

Z

⑮
Given a knot diagram D for KCS3

, you can obtain

a doubly pointed Heegaard diagram for K as follows :

*
crossing

so



Theorem

Two doubly pointed Heegaard diagrams represent the same

knot iff they are related by a finite sequence
of

doubly pointed isotopies , handlelides , de/stabilizations

↓
can't cross either point

More generally ,
Let (I ,

a
, B) consist of

· a genus-g surface [

· g+b disjoint sic . e . S
....., agtk that span

a half

dimensional subspace of Hi(E,)

·

g
+ k disjoint sco's

Bis ..., Bath Span a half-dim

subspace of H . (2,)

Can build a 3-mfd roughly as before

1
.

Thicken z

2. Attach thickened disks to <x303 and B,
x313

3. Attach 2(k + 1) BP's along resulting boundary emputs



- This should look like

a toroidal grid
Example: g

= 1 diagram

Se W
k = 2

T
Now add basepoints w

, , ..., WKH and z
, ..., +p+

· each connected component of [-x
, -X- ...

- Lgt

contains exactly one Wi and Zi

· each connected component of [-B . -B2 ...

- Bgtk
contains exactly one Wi and Zi

This specifies a knot or link as before : connect w toz in

I-a- ...

-

Egth and push slightly into H
,

and

connected z to in -B .
- ...

-

Bgth and push

flightly into to H2

&
Remark: Conventions for over/under crossings may differ

from grid diagram conventions.



Heegaard Floer Homology :

Recall : grid states S(G) were metuples of intersection points

between vertical and horizontal circles using each circle

exactly once

Heegaard Floer generators :

(2 ,
c

, B , w) E genus g
a = Ga .. -., 293

B = 31x . . ., Bg3

g-tuples of intersection points between c-circles

and B-circles S .t . each x-circle (resp . B-circle)
is used exactly once

J

Example:

t
x = [a , c)

y
= 5b3

Eise

and all the Hungaragenerators



Wheredothesegeneratorscomehom symmetrica
on gelmnts

unordered g-tuples of points
in

Remark: action of Sg on Ex ...x] is not free
-

However : Sym(I) is a smooth manifold !

Idea :

ordered getuples --
unordered getuples of

of pts in I points inI

z9 + agz9" +... + acz + a
,

= 0 = roots r, ..., Ng

Half-dimensional subspaces

Ta = ax ... x ag
C SymP(z)

Tp = B .
x ...

x Bg

g-tuple of
intersection

pts but theTocTp < Sym(I)
- X's and B's

using each

Heegaard Floor generators are exactly IanTp curve exactly
once


