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Lasttime
space Knot if Us S(k) is an h-spacee
-

Ex: positive torus Knots are L-space knots

If K is an -space knot
,

then CFKm(K) is determined

by &x(t)

E: 1 = Ty
, 5

Xx(t) = to t *
+ t -1 + E-t5 + to each termin Alex

poly is a generator
generators

: Xo
,

X
,

.

. .,
X

2x = 2xz = 2xy = 2Xx

Ex =Hedifferencebandsendz
2x3 = 4 Xz + VaXy

2x5 = U xy + VX
S

U
,
V exponents given by

U difference in exponents in @k(t)
00

X
,

xo

Ju
-Iva
D

Xx

-



More concordance homomorphisms

Theorem (Dai-H-Stoffregen - Truong)
For each k + E ,

there exists Up : 2-

Moreover,

Y :- * is surjective.

Q : How are the Up defined ?
exponents on

V in same dir

Ex: < = Ty
,
5 ↓ !

Can record the pathxo to Xo from above by (1-3 ,
2

,
-2

,
3

,1)
↓ d S

which are the signed exponents in path from
exponents on U

No to X w/ opposing
direction

of path

2 ,
1 cable of trefoil

E: K = T2
,3j2 ,

2

e U
* I

2x = 0 uv complex
v2

2x = Uxo + v2x + UVX X4y u2
X5
S

UV
2xz = UX3 V V

2x3 = 0
~ U Nh

V

X 3 X 2 Xo

2xn = VX3
still have path alternating Us

2x5 = (xy + uVxy + Vxx and V's

&
2xy = 0 (b - 2 , 1

, 1
,

2
,-) sequence



Q : From a sequence,
can we get a chain complex ?

Example: (1, - 3
,
2

,
- 2

,
3

,
- 1)

U given sequence, get generators
ooX,

xo

Ju U v3u2 v
=

u3 V
Xo <X,

- XzXy-Xn4X5 - Xo

i
D

Xx

Example: (1 ,
-2, 1

,
2

,1)

U v
= u vu ~

X.
-X

, -X +Xy4XyX5- Xe

22 + 0

22x = a(kx0 + V xz) = V
=

2xz = UVx

The fix is to set UV = 0

For C a chain complex over Fu ,V]/up s
let In be the

induced boundary map on C/ and let ar be the

induced boundary map on GU

Defi : Given a sequence (ai) ,
ait 150)

,
the associated

standard complex has generators (over Fu ,3/nV)
xo,

X
1. . .

., XIN



1
.

For i odd

a . if aiso ,
then 2uxi = UXit

b . If aido ,
then Gaxiy = Har

i

2. For i even,

a if aiso ,
then Axi = Vaxix

3. If aico ,
then Guxi = V19ixi

Example :

-

(1 ,
3
, 1 - 1 - 3

,
1)

U v3 uv V

X - X ,
)xx xyx x

2x3 = (xz + Vxy

i
complex over #fire/or has

standard complex as a direct summand
,

and it is

unique. (up to chain homotopy equivalence) .
Furthermore,

this standard complex is a concordance invariant.

kcs3



Is CFK
Fui]
(k)meFK F/

standard

complex

Upshot : 1- sequence

well-defined map c-> Esequences'
of sets

[K] --> standard complex sequence

Recall : standard complexes are in bijection with finite

sequences (ai) ait #50]

Q : Can wa put a binary operation on the set of such

sequences to obtain a

group homomorphism

C - Ssequences] ?

A : sort of...

Xo
U

Ex: C = (1 ,
- 1) ·

C = (1- 1) *

CF(N]/UVC
U

XoYz
& Xiyz X2y2

↑ v
U ↑v vv

Xoy ,
< X

, y ,
-

X 2Y ,

du
U
du

Xo Yo & X yo xu to



change of basis :

Spot the standard
U & complex summand !

Xoyz + Xzy & X , Yz + XzY ,

XzYz

↑ v ↑ v

↑ -> (( k
- 1)

xoy ,
+ x ,Youx,y XzY ,

du
Xogo In X , go -o Xayo * Not as simple as

concatenation - recall

tensor prod .
is

commutative.

Given two sequences ,

can take their associated(ai) and (bi)

standard complexes ,
tensor them together, and then perform a

change of basis to obtain a standard complex summand.

Exampleserwise
m

① (k - 10(b - 1) = (4 -44 - 1)

② (b -1)x (1 -2
,
2

,
- 1) = (1 + 2

, 4 - 1
,

2
,

- 1)
-> j= 1

③ (1 ,1) * (2 : -2) = (1 - 1
,

2
, 4 - 2 -25 - 1) -Si j= z

O j33

4 = E! 4=E

OpenProblem : give a precise description of the group

operation on sequences



Nevertheless,

Beth : given a finite sequence of nonzero integers (a)
aitl503

and a positive integer je

P; (ai) = #(ai = j)i odd3 - #(ai = -j) = odd3

Theorem

Oj is a homomorphism

Example,as, ..., dan)(-a1 ,

- ag ...,

- am) = 0 inverses

Exercisethnt) = 303=+

otherwise

↳ L space knots
,
Dult

,
read on complex,

Corollary

# Y: C-78 is subjective.



Consider

0-Gis->
smooth

- Cop-o

↑
topologically
Slice knots

subgroup of concordance group

Example: Wh(K)EGs F k by Freedman

since Dwhcks(t) =

Wh(T2,s) is not smoothly slice (duringson)

Theorem (Osvath-Stipicz-Szabo)

Cis contains a 0 direct summand

Proof relies on concordance homomorphism UK upsilon

Reproof of this result using Y;

Theorem DHST

94;: Gs- subjective

Proofi Let D = Wh [T23) nin + cable

~
Aberve Dtopslice Dnnt UnnTn

top



=> Duin-Taint Top U

Dninn#-Tuinti e CTs

Cam: 4j(Drina) =

Go
i=

I 1j < n-1 or j = n

8 j = n-1)) or jon

claim & earlies exercise (4; (Thin +1)) =>

4; (Dece #- Tuinei) = En
-



Dr Hom - No office hours today (Wednesday

Correction from last time:

T
T2

,
3 ; 2

,
1 AYI

Lasttime:
Y

K me CFK(k) wo
standard

~> sequence
complex (ai)

& 3
chain homot. apx is a concord-

is a knot invariant inv

but not concordance inv

If K is an -space knot
,

then (ai) is determined by Uk(t)
# =>

#orem (Hedden, Hom)
longit winding Kp , g

= cable knot

Let pso . Then Kpg is an L-space knot

=

K is an -space knot and q p(2g(k)
- 1)

Prof: (7)

consider Sp (Kp ,g)

Claim : Spg(kp ,q) = S3 (k) #Llp,



(Exterior]

Proofof claim
: For a knot JCS3

,
let E(5) = S3-v(5)

T
+

= 2r(5)

aW&
↑

ubhd knot is annulus,

complement is an annulus

Now glue solid torus S'XD2 to exterior E(Kp,g) such that

[03XGD2 maps to a pq-framed longitude
x

of Kp ,g

Exercise : 1 is the surface framing of Kp,q on Tk
-

(draw push of and compute linking #)

Decompose S'XD2 as ((0,] XD2) v (Siv ,2i] x D2)

·......
& think of as thickened meridinal disks



Exercise :

1) E(k) v([0 , +] x x2) = Sp(4) - B3

-
some surgery on K-B" and then check framing

2) ~(k) v((n , 2n] xD2) = L(p ,q) - B3

3) (203xD2) v (TR -A) 0 (93 xx2) = 5

This completes the proof of claim.

Hence Sp (Kp ,q) = S(K) #Lpig
So if K is an L-space Knot

,
and 8/p52g(k) -1 ,

then S(K)
is an -space.

h (pig) is an L-space

Since connected sums of(-spaces are -spaces (since
#(Y

, #Y2) = HF(Y) @HF(42) (Exercise : computett)

It follows that Spg(Kp ,g) is an L-space ,
as desired.

(For E
,

see H
. A note on cabling and L-space surgeries)

-

Exercise : Let pso . T23 j pig is an L-space knot>g >
p



Exercise : Find sequence (ai) for T23 j n
,
n+

Recall : 0kpq(t)
= @k(tP) · Drpg(t)

&Tpg(t)=
Goal : 4; (Dnin + 1) D = Wh (T2

,
3)

Proposition : (Lipschitz-Ozsvath - Thurston)

If Ko and K
,
have the same standard complex

representative, then (satellites) P(Ko) and P(K ,)

also have the same standard complex representativee.

In other words , satelliting gives a welldefined map

on sequences (ai)

Proposition (Hedden)

D = Wh(T2 ,
3) has the same standard complex as T2

,
3

i.e. (1 - 1)

Hence 4; (Dn ,
n + 1) = 4 ; (T2,3; n

,
n+1)



Q : Besides the 4j ,
what other concordance invariants

can we get from the sequences ?

Let (9 :) be the sequence associated to K

if a > o

Defn : &(k) = - if a soE
otherwise (i.e . (ai) is trivial sequence)

Example :

No

Unknot has trivial sequence
o

Example :

4 - also has trivial sequence
·

&

Example :

T2
,
3

·cor (1 ,1) 3(Tu)

Example:

TnvI (t , 1] e(T- 2
, 3) = - 1

·



~
Not a group

observe - -10 , 13 not a homomorphism.

We can still ask...

Q : How does I behave under connected sum# ?

A : Like a sign

Proposition

E (k) 2(k2) E(k , #(2)

+ 1 + 1 +

- I -I - 1

O I Il

- 1
T I anything

Observe :

1) my CFK(k)

-

km CFk(k)
*

Ki #K2 my CFk(k) @ CFk(k2)

# slice me </CF4(k)) = 0



Consider

eF = (Gromplexes
over F(u ,v] 3 yathat satisfy the same

algebraic properties as CFK(k)

~

9
2. ~2, s(c . @c , *) = 0 sometimes called

E-equivalence ,
or

-

Upshot :

~al

equiranor

as

C- > CFK group =
[k] + [CFk(k)] OPEN Q :

Is this surjective ?

and in fact

CFK(Ko) ~(FK(k , ) # Ko
, K have the same sequence (ai)


