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Lasttime :

seifert form

S-equivalence class is a knot invariant

1*) K Slice => Seifert form is

metabolic/

vanishes on half dim
. subspace

Alexander Polynomial depends on S-equivalence class

Xk(t) = det)V - tVi)

Exercise: (u(1) = Il

*Miloconditio)=P(t) for some II p(t)t(t(t]

prof:
SinceK is slice

, (*) implies 7 Seifert surface matrix for

K of the form V = [*]
Mence det (V-tVi) =

det
↳ allsguar aes

=
- det (B- +CT) det (C-tBT) (Bisaggy

= (t)9det (B - tCT)de+ (B -tCT)
Let up(t")



Note : A polynomial is a more tractable invariant than the

s-equivalence class

Den: the determinant of a knotk /Dr(-1)
(implices that determinantis always odd)

Bondary
Iis slice

,
then determinant

,
det K

,
is a perfect square

Prof:
Ou( ) = p(-1)p(-) = p(-)p(- 1)

-

Recall our goal was to obstruct sliceness.

ampiej igur
&x(t) = t- 3 - t

(u(1)) = 5 => 4
,

is not slice

=> 4 ,
is order 2 in 2

Note : converse of corollary is nottue and in general invariants
-

do not detect sliceness.



mark.

hisslice
,
then (k)=

Prof:

(*) = v = []
VIVT = (AAT BT

Exercisesignature ofM is new

② signature of a knot
,

o (k) is always zero

*C is a subjective comomorphism /

profi
homon ,

since o is additive
,

i

. e. o (KK2) = 0(1) + o(K)

signature
of a Slice Knot is

yew



· onRHT) = - 2n (since comordance group
C is Abelian)

-

↓
uRHT = RHT# ... #RHT

um

I times

-

Note : 4 = figure 8

Q : 0(4 , ) = 0 ... (4 ,#4) = 0

uice

so 20(4)=

Dollary

Iutain a -summand
,

ie .
CEE ora

profi S
(Note : Sjective

-
0-hero-2-*-> 0 short exact sequence

SinceE is free , you
can define a sections so s

.

e.
s.

splits as a direct sum
, [Es()0 Ker o

-

Note : RHT is infinite order in [



Q: Are thesewhat linearlyindependent
a

Serine-TristramSigh
dures : ow (k)

Recall that a Hermitian matrix (A=T) is diagonalizable.

V Seifert matrix

V := (1 - w)V + (10) VT c - k(w) =

Fact: If w is not a root of Ou/t), then this form is

nonsingular .

Defin: (k) : =

sgn Vw

Gore precisely ,
can define o (K) to be the average

of limits out and %)

Like the ordinary signature, it's additive under connected sum

and vanishes on slice knots.

(K2) = ow (k) + 5w(kz)

Ow(slice knot) = 0

Exerciseto give
a surjective map-

that consider for certain w



rollary:

Icisinitely generated /
-

profi surjection 2019
1

Ne: If K is finite order in C
,

then ow (K) = 0

Art Invariant -

- Can define in terms of the Seifert form

- Define a L/2-valued quadratic form on (12)
29

by

g(x)
= xVxT

Art(q) =

Go if & takes
on value O on majority of els so

in [E12]19

"2" "in (42)"g

Exercise:

Art : 2 -> Ea more details found&in Livingston survey

Fact: Art K = 0>r(t) = # mod 8

------

- Arf
Remark: K m> V mx of m /2



More #/2-valued concordance invariants

Defin: A symmetric polynomial is a polynomial p(t) s .
t.

p(t
+) = = t p(t)

Example: p(t) = -t + 1 is symmetric since

p(t) = t 2 - t" + 1 and t2p(t") = p(t).

Recall: Fox-Milnor condition: If K is slice, then Op(t) = p(t)p(t)
-

for some p(t)[t]

If p(t) is - an irreducible (over #) symmetric polynomials
then exponent of p(t) mod 2 in an irreducible

factorization of Dult) is a surjective homomorphism
2- /z

Example: (p
, (z) = t- 3t + 1

Exercise : Show thatC has a (2)
·

direct summand
-

-

Hint: consider Lilgene
I not

(these knots are negative amphichiral)
Compute Op(t) for this family and their

irreducible factorization)



Q : Is there a unified approach to extracting concordance

invariant from the Seifert form?

A : Yes but we need a few things :

-
intersection form on H

. (F)

# (i : ]
-

Exercise : V-VT = intersection form on H
. (F)

-

Keefh: an abstract Seifert form is a bilinear form
(that looks like it could be theSeifert form of a knot]

V:
*

x **
- # S .

t.

V-VT is unimodular

Eact: Every abstract Seifert form can be realized by some

Seifert surface for some knot

&

Recall: K>V Seifert form (up to -equivalence)

--V

K ,# - V, Vz

Kslice => V is metabolic

KorK,) Kok
,

slice
, define VowV,> Voo-V ,

metabolic



Exercise : cheek above is an equivalence relation VowV,

M : = Eabstract Seifert forms]/n , Ef)(
direct sum

Il

Algebraic Concordance group

C-> G is a well-definedsubjective homomorphis

[k) [V]
d
by above exercise on

abstract Seifert forms

Advantage of this approach : studying & utilizes linear algebra

[Levine 1909] : S=2
La Lu

we've discussed bit more complicated.

this

Q : Does C -o & have kerre ?

[Casson-Gordan 1975] Kere-& nouticial

Remarks Can study concordance in higher dimensions

i.e .
knotted &" in Sh

+

In higher odd dimensions
,
C = S



A big open question
:

Is there n-torsion in 2 for u + 2 ?

i.e . only I forsion is known

and basically realized by

negative amphiciral
knot

-January 15
,

2025

Lasttimegebraic concordance group

2-- b = ze07/4

C = =07/2G

Today
:

-SatelliteKnot
a

knots out of ones we already know ?

we already know about connect sum



⑤ This
particular

pattern
is

called a

K Whitehead
S'XD2 double

Wh(k)

h : Six D2 +(4)

longitude S'XE*3- o-framed longitude of K

X + 2D2 ↳ links K zero times

↳ boundary of a seifert

↑ surface for K
X

So for this example,

:K
writhe wr(D)= + 3

P(k) : = h(P)



where does the3 come from?Te
Now the linking number between blue and black is zero

:

d

⑮ "blackboard framing"

Exerciseeifert form of a whitehead double Wh() is

[b]

⑫

Hom, Jennifer C
Correction: figure has an extra half twist that shouldn’t be there



&anconc(t) = 1

(w(p) = 2

⑳ ②
Companion (2, 1) - cable

(p ,g) -cable denoted Kp ,q

↳ w(kp,q) = P

= w(p) = 1

i
M

is the meridian

Mazur Pattern

↓
The winding

number of P w(p) : = eh(Pir)

Equivalently w(p) = <PJ c H , (S' x D
-

;*)



Q : How can we build a Seifert surface from a satellite

knot P(K) ?

[p = "pattern"
If w(P) = 0

,
then P bounds a Seifert

andP could be

surface F in solidtorus S'XD whitehead double

and then h(F) is a seifect surface for

P(K)
his' xD= - r(k)

If w(P) # 0
,

then P is not null-homologous in S'XD2 and

1

hence does not bound a surface in S'XD -

However
,
PHw(P)-longitudes does bound a surface in S'XD

H

Example:

⑦ Dessurface S

h : S'XD u(k)
S'XD Ups3- r(k)

Exercise:

Todify Seifert's algorithm to construct such a

surface in general



Build aSeifert surface P(K) via SUw(P) parallel

copies of F
,

where F is a seifert surface for K

If S and F are minimal genus
such surfaces ,

then⑭
hehenreas

I the resulting surface is a minimal genus
Seifert ↓surface for P(K)

(k noutricial

w = w(p)

Exercise (t) = @n)t") · Opus(t)
n = unnnot

Example
:

Ef PCK=#T

-

P

Recall: The key feature of a knot K that is a nontrivial

connected sum (called a composite knot) is that 5 a

z-sphere that intersects K in exactly two points such that

on either side
, the are is

otted
not isotopic to an arc in

that 2-sphere



Doneither side he have botted are

52

key feature of a Satellite knot
,

J
,

is thatI an essential

torus (non-boundary parallel, incompressable) in S&r(K)

that is the boundary of the solid torus containing P

Example :

↳
Swallow-follow



-proof of Schubert's theorem involvesstudying the intersection

of an essential with Seifert surface.

Observe: the complement of an unknot in S is a
-

solid torus.

E
Unknot

Consequence: any two component link with a distinguished=

unknotted component describes a pattern P

in S'XD2

Example:

⑭⑫
fact can choose either component

in this example

Example
:

p lives in S'XD with a preferred
Angitude.

i ↓

-

is the Meridian of



Note:
P,

·
DehnTwist

by a

-
7 a homeomorphism hiS'xD-> S'XD2 s .t

. u(Po) =
P,

In this sense, they are equivalent knots in S'XD

(under this Dehn Twist
,

the preferred longitude changed)

Exercise :

Po andP, are not ambiently isotopic in S'XD

Upshot: Preferred longitude (or equivalently ,
identification of

solid torus with S'XD2) matters


