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ttime Unframedhandle attached alonga
= BY up (D

=xDY

y : 2DxD r(k)
six3x3-> n-framed longitude of K

Xe2D2

core of 2-handle is D
*

x503
2 (D2XD2) = 2D

*

XD" D2x2D2

⑪ core

· K
:

BY

Ne: a (Xn(k)) = Su(k)

top. embeddingExamplee. (u) = S2xD where image has

a collared ubhd

Trace Embedding Lemma ↑
The O-trace Xo(k) admits a smooth Cresp . locally collared

embedding into 54 iff K is smoothly Cresp . topologically) slice.



-Proof
:

Suppose K is slice

consider ST = B
,

"

USB

Xo(k) = By v r (Dr)

is the desired embedding

.
Exercise: This is a O-framed 2-handle

DK

B

() y : s- Xo(k) -
Not smooth !

4(52) = core of the 2-handle V cone on K

O is smooth away from the cone

self crest point P

y
op i : Xo(k)-> S "embedding

10 y :
S smooth

Cresp . locally flat) away
from ilp)

w : = S" - v(i(p)) = BY

consider io 4/s2
- 4"(P)

is smooth /resp . top . locally flat)

embedding of D2 into WE BY

-



Corollary
Xo(k) smoothly (resp . locally collared) embeds into RY

#

K is smoothly (resp . top .) Slice

Prof : Exercise

Goal : Use knots to construct an exotic pair of 4-mfds
-

Refin: My
,
Mc smooth 4-mfds

M .,M2 are an exotic pair if they are homeomorphic but

not diffeomorphic.

Thm (Freedman-Quinn)

Let M be a connected
, non-compact 4-mfd. If desired,

fix a smooth structure on any
collection of connected cmputs

of the boundary.
Then I a smooth structure on M

extending the given smooth structure on (a subset of) am

Construction: (Gompt-Stipsicz Exercise 9 . 4 .23)

Let K be a topologically slice knot that is not smoothly slice.

Then can construct a smooth manifold J2 that is homeomorphic

but not differmorphic to Red



· LetI be topologically slice but not smoothly slice (eg. Wh(RHT)

·- a locally collared embedding of the trace into It

i : Xo(k) - I
Y

by corollary to Trace Embedding Lemma

· i[Xo(k) inherits a smooth structure from Xo(K)

· Since i is locally collared
, IRP-int(Xo(k) is a manifold.

Also
,

it is connected and non-compact.

· Freedman-Quinn => Extend smooth structure on i (2 Xo(k)
to the rest of MY-int(Xo(k) giving a smooth ufd JR

that is honeomorphic to IRY

IRY

&D int-int(Xo(k)
Xo(k)

Laim : R is not diffeomorphic to Red



Proof of Claim : Suppose it were . Then by construction
,

we have a

-

Smooth embedding

Xo-> R =
differ

IRY

Corollary to Trace Embedding Lemma K is smoothly slice *

-

We can also use 4-mfds to prove results about knots :

~
Rotate by 1800

S

endaupC (f)
then the

and

J 14 Conway
knot

-

C T
Conway Knot

Mutant of the Conway Knot

Kinoshita-Terasaka knot

E
KT

Exercise:

TOkT (t) = (a(t) = 1

2. KT is ribbon



Q: Is the Conway Knot smoothly slice?

All known smooth concordance invariants vanish on [.

A: No (Picarillo)

#of(sketchSt 5 with Xo(5) = Xo(C)

· Show that J is not smoothly slice using s(5) + 0

2T . E .

L implies Xo(J) does not smoothly embed into SY

Hence Xo(C) does not smoothly embed in SY
,
hence

C is not smoothly slice.

-Ill

S is not a O-trace invariant.

In particular, s(C) = O

~
How do you find

J ?

add a cancelling pair s .
t. the 1h

Xo (c) = Bin(2-h)
-

can cancel either

= BYr (1-h) r z(2 -n) of the 2-h's

(then this is the trace of

2 knots]



Khovanov Homology and the S-invariant

Melissa Zhang Notes on Khovanov homology

Outline: · Kauffman bracket
-

· Jones Polynomial
· Khovanov homology

· Lee perturbation

· Rasmussen S-invariant

Defh: the Kauffman bracket <D) of a link Diagram D is the

Laurent polynomial in
a defined recursively by

1)(x) = <) - q()()
-

unknot

2) <( 10) = (g + q
+ ) <>

3 .) <07 = 1

Example: 1 . D.
= 0 (D) =

g + q" = (0H0)

2 . D = 00 [D2y = (g+ q1)

s
. D =

0 o [D) = (g + g
-)m



Example ( = <2 ) - 800)

↓
= (g + g

- ) - g(g +

g
- 1)

=

- q-

q
isotopic to unlenot

but has different Kauffman bracket.

Note :

-

Kauffman bracket is not a link invariant

Exercise :

-

D= T D= Eyj

datatuaracheageACP
sSi

n + positive crossings
.

LIefr : The (unnormalized) Jones polynomial of D is

F(D) = ( 1) + qn+
2n

-

(D)

Exercise: * (D) is a link invariant



eff: The Jones polynomial is J(D)=

Example:
(0) = (8)- (0)

= (8) - +(3) -(8) - -(387]
= (q +

g
+ ) - q(q -

q+)
- g((q + g

- 1) - q(q +gtz)
= g4 + g + 1 + q

- 2

28
can resolve

g +q

D 88
simultaneously : (g + q

-) (g + g
- 1)2

⑤
cunnormalized)

g + g -

To recoverJones polynomial :

5(8) = ( )g2(g4 + g2 + 1 + g2)

Mt = gb + g4 +

+ g+ 1



↳time = (q(( +g - zg(g + g) -g(g)

ha : look at s-invariant because its a powerful invariant

State - Sum formula for F (D)

Let D be a link diagram witha crossings.

Consider n-dim hypercube So , 13"with edges between vertices

differing in exactly one place

Ex:
n = 2

* O 10
1 *

00
11

O
* I

01

Ex
:

n = 3
10

700
100 110

11 *
-

000 010 101 111

001 Oll



Ge 50, 13n I
-
x/

-

· resolution I resolution

* = associated collection of circles

= # of Is ina

Ra = # of circles in No

Qam: = (D) = ( 1)n-
n+

- 2n

.Z (g)(qg
Proof: Exercise

&s n 28
00

10
g +q

⑤ 88
(g + q

-)
01

(g + g
- 1)2

⑤
g + g -

Gal : diagram my bigraded chain complex
D Ckh(D)

sit
.

· (co-) homology of CKh(D) is an invariant

· graded
Euler characteristic is Jones polynomial

*g((kh(D)) = [cqirH(((D) = =(D)



V = Ev+
v bigraded -module

VI bigrading (0 , #)

Note : Xg(V)= g
+

g
+

Note : also have

Notation: C= Gij -

bigrading (4 , g)
instead of (i,j)

(n]3m3 ij = Gith
, jom

↓
shift in shift

in
1st 2nd
grading grading

Example: - E+

V
+

V(2]533[
-

I I

Ev

Example: ->

VOVE23 : V EN +

VQV = V+
⑪V+

>

v-QV
= V+QV-

VQVI
, VQV -

-> VQV-

V&V



Idea: Replace (g + g") in state-sum formula for 5 (D)
with V

x = 10

v(0]333

11 = X

vaV[0][2] VavtoJEy]
x = 00

V [0](33
c = 01

h = O 2 2 (homological grading)
& no · of1's in

a + 50 , 132 Va = @kogn] Gra + m
+

- 2n]

no .

of circles

(no · of uninots)

bigrading (hig) b ·
+

= 1

4 ⑧ 68 00 1 - 2 +2 = 1

2 · O - ⑧ 2 - 2 +) = I

O 8

1 - 0 + 0 = 1

/n O I 2 g4 + g4 + g2 + 1

Exercise: The graded Euler characteristic

gives F(D)



Differential on CKh(D)

- happens along edges of hypercube
L circles either merge or split along an edge

merge
: two circles (so two copies of V) go to one

-

m : Vor-v

V+ V + + V +

v-V+, V +
QV

-

1V-

↑ 28V-QV -
+ 0

00

merge 10

spit
-g(g + q

-1)

⑤ 88
split :

(g + q
-)

01
g(g+ g

- 1)2
-

: V - voV
L ⑤ Split

V+ v + Qu -

+ VQV+ merge
- g(g+

g
- 1)

V- + VQV

· differential is identity on passive circles along an edge

· I signs needed along edge according to the no
.

of I's before

* in edge label (needed so that d=
= 0)

10

· RO i

-I
before t

,
so pick up a

minus sign when

00 - g(g + q
-1) 11 you

travel

⑤-88
around top.

(g + q
-) - g(g+ g

- 1)2

Of ⑤ * 1 - No sign picked up

- g(g +

g
- 1)



V +
&

-

U + +
9V

- X + +

-

~ >

U
+ -

u
- +

X
+- -X - +

U--

5 X
- -

-W +

J

6 [X + +](
+ x

- +) = 0

(x+ j = [-X- +j=
↑

2[un = u
= +] I

O [u - - ] I

no I 2 go + g4 + g2 + 1

Exercise:

compute Khovanov homology of the trefoil

Theorem (Khoranov)
Khovanov homology is a link invariant

Proof : relies on showing invariants under Reidemeister moves
-



MainIdea
,
a chain complex with subcomplex A - C.

That is
,

A is a submodule of C and dA = A

Then we have a short exact sequence of chain complexes

0- A-- - 0

Lemma

Let O-A + C + 4A-O be a ses of chain

complexes ,

~
chain homotopy equir.

1. If A = 0 ,
then [ = YA

2 .
If C = O

,
then A = C

Reidemeister invariance involves finding sub or quotient complexes
that arehull-homotopic



Q : How can Khoranov homology be used

to study concordance ?

Lee Perturbation :

Merge
:

m : Vor-v split . : V - voV
-

V+ + V + Qu -

+ VQV+
V+ V + + V +

V
-

+ vQV + V
+QV+

v-V+, V +
QV

-

1V-

V-QV -
1 0 + V +

(h , g)d
Lee

= din + 5 d ↳
homological guantum

↓

purple terms

grading grading

But waitI dee does not preserve the quantum grading

Filtered Chain Complexes

Let (C , d) be a chain complex. A fitration on (C , d) is a

sequence subcomplexes

... Fi Fits Fitz 3 ...

such that

nFi = q Fi = C



Generally we will be interested in finite length filtrations

where only finitely many Fi are not o or C

i
.
e

.

C =En Fre = ... Entr = 0

Idea:

·

↓
Fi · &

5·

Fix
: Fit

ote: (CKh , dree) is a filtered chain complex with

F= CK


